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$X\mathrm{x}X$ $X$ relation relation $g$
$\sigma_{g}$ $\sigma_{g}$
$X$
($x$ , y)y $(x, y)\in g$ 1 $\text{ }$ 0
$(X, G)$
(1) $G$ $X\mathrm{x}X$
(2) 1 $:=\{(x, x)|x\in X\}\in G$
(3) $g\in G$ $g^{*}:=\{(y, x)|(x, y)\in g\}\in G$
(4) $f,$ $g)h\in G$ $p_{fg}^{h}$ $\sigma_{f}\sigma_{g}=\sum_{h\in G}p_{fg}^{h}\sigma_{h}$
$n_{g}:=p_{gg^{*}}^{1}$ $g\in G$ valency $n_{G}:=|X|=$









$(X, G)$ $\chi\in \mathrm{I}\mathrm{r}\mathrm{r}(G)$
$\nu_{2}(\chi):=\sum_{g\in G}m_{\chi}\frac{1}{n_{g}}\chi(\sigma_{g^{2}})n_{G}\chi(1)$.

















Schur [2, Theorem 27]
x–
$k$ 2 $A$ involution $S$
(split semisimple $k$-algebra) 3 $S^{2}=\mathrm{i}d_{A}$
$A$ $k$
$\langle|\rangle$ $A$ bilinear, associative, symmetric, nondegenerate
form $W$ AA $f\in W^{*}:=\mathrm{H}\mathrm{o}\mathrm{m}_{k}(W, k),$ $a\in A,$ $w\in W$
(af)(w) $=f(S(a)w)$ $W^{*}$ A-
$\{a_{r}, b_{r}\}(r=1, \cdots, \dim A)$ $\langle a_{r}|b_{j}\rangle=\delta_{rj}$
$r,$ $j$
$\{a_{r}, b_{r}\}$ form dual bases
involution Frobenius-Schur
Theorem 22([2, Theorem 27]). $V_{1},$ $\cdots,$ $V_{d}$ AA
$\chi_{1},$ $\cdots,$ $\chi_{d}$
$\{a_{r}, b_{r}\}$ $A$
bflinear associative symmetric nondegenerate form dual bases
$\nu_{2}(\chi_{i}):=\chi_{i}(\sum_{j}a_{j}b_{j})^{\chi_{i}}\chi_{i}(1)(\sum_{r}S(a_{r})b_{r})$
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(1) $\chi_{\dot{\tau}}\in \mathrm{I}\mathrm{r}\mathrm{r}(A)$ $l/_{2}(\chi_{i})\in\{-1,0,1\}$
(2) $\nu_{2}(\chi_{i})\neq 0$ $V_{i}$ Vi*(AA
)
(3) 1 $S= \sum_{\chi\in \mathrm{I}\mathrm{r}\mathrm{r}(A)}l/2(\chi)\chi(1_{A})$
$(X, G)$ CC $S$ : $\mathbb{C}Garrow \mathbb{C}G$
$S(\sigma_{g})=\sigma_{g}*$
$S$ $\mathbb{C}G$ invoiution
( $\sigma_{g}|\sigma_{h}\rangle=n_{g}\delta_{gh}*$ $\mathbb{C}G$ form bilinear, associative,
symmetric, nondegenerate form $\{\sigma_{g}, \frac{1}{n_{g}}\sigma_{g}*\}$ form 1
dual bases
$\chi_{i}(\sum_{g\in G}\frac{1}{n_{g}}\sigma_{g}\sigma_{g}*)$ $=$ $\chi_{i}(\sum_{g\in G}\sum_{f\in G}\frac{1}{n_{g}}p_{gg^{*}}^{f}\sigma_{f)}=\chi_{i}(\sum_{f\in G}\frac{1}{n_{f}}(\sum_{g\in G}p_{f^{*}g}^{g})\sigma_{f})$
$=$ $\chi_{i}(\sum_{f\in G}\frac{1}{n_{f}}(\sum_{j=1}^{d}\chi_{j}(1)\chi_{j}(\sigma_{f}*))\sigma_{f})$
$=$ $\sum_{\mathrm{i}=1}^{d}\chi_{j}(1)\sum_{f\in G}\frac{1}{n_{f}}\chi_{j}(\sigma_{f}*)\chi_{i}(\sigma_{f})=n_{G}\chi_{i}(1)^{2}m_{\mathrm{X}i}$ ’
$\nu_{2}(\chi_{i})=\chi_{i}(\sum_{g\in G}\frac{1)1}{n_{g}}\sigma_{g}\sigma_{\mathit{9}}*)^{\chi_{i}}\chi_{i}((\sum_{g\in G}\frac{1}{n_{g}}\sigma_{g^{*}}\sigma_{g}*)=n_{G}\chi_{i}(1)m_{\mathrm{X}i}\sum_{g\in G}\frac{1}{n_{g}}\chi_{i}(\sigma_{g}^{2})$ .
$\chi^{*}=\overline{\chi}$ 2.1(2) $\chi$
$\nu_{2}(\chi)=1$ ( 21(3)) [1, Corollary
4.15] 2.1
3 Questions
























Proof. $S=\{\chi\in \mathrm{I}\mathrm{r}\mathrm{r}(G) |\overline{\chi}=\chi\neq 1c\}$
$0<|I(G)|= \sum_{x\neq 1}\nu_{2}(\chi)\chi(1)\leq\sum_{\chi\in S}\chi(1)$
,
[1, Lemma 4.10]










$|\mathrm{I}\mathrm{r}\mathrm{r}(G)|\geq$ $+1=|G|-4+$ $\geq|G|-3$ .
$|G|-1$ $|G|-1$
$|G|\leq 5$ $(X, G)$ [3, Theorem
4.5.1]. $|G|=6$ $(X, G)$ hobenius-
Schur
Proposition 4.3. $(X_{1}G)$ $|G|=6$
$|I(G)|=3$
Proof. 1, 1, 2 Frobenius-Schur
indicators 1 $|I(G)|$ $1=1+1+2$
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